We study a one-component quaternionic wave equation which is relativistically covariant. Bi-linear forms include a conserved 4-current and an antisymmetric second rank tensor. Waves propagate within the light-cone and there is a conserved quantity which looks like helicity. The principle of superposition is retained in a slightly altered manner. External potentials can be introduced in a way that allows for gauge invariance.
Introduction
Many attempts have been made to consider the extension of the usual quantum theory, based upon the field of complex numbers, to quaternions. The 1936 paper by Birkhoff and von Neumann [1] opened the door to this possibility, and the 1995 book by Adler [2] covers many aspects that have been studied.
Here is a wave equation that appears to have escaped previous recognition.
The single wavefunction ψ is a function of the spacetime coordinates x, t. The usual elementary quaternions i, j, k, are defined by
Boldface type is used to designate a 3-vector. This combination (1.3) of elementary quaternions and space derivatives was orginated by Hamilton [3] in 1846; it's square is the negative of the Laplacian operator.
What one should note about the equation (1.1) is that it employs quaternions which multiply the wavefunction on both the right side and the left side. This distinction arises from the non-commutativity of quaternion algebra and is central to the present study.
Some Properties
In the usual quantum mechanics there is "gauge invariance of the first kind": we can replace the complex wavefunction ψ by exp(iϕ)ψ. This freedom is also noted by saying that there is a ray, not just one vector, in Hilbert space corresponding to each physical state. (The reader will note that this paper focuses entirely on the wavefunction approach to quantum theory and not the Hilbert space version.) For the quaternionic wavefunction we have a larger set of freedoms: ψ → q 1 ψq 2 , where the two numbers q 1 , q 2 are quaternions of unit magnitude. The one on the left induces a change of basis in the elementary quaternions u seen in the equation (1.1), while the one on the right changes the particular choice of i and j acting to the right of ψ in that equation. Thus, instead of the usual U(1) group, we appear to have SU(2) × SU(2)/Z 2 .
A first calculation is to take another time-derivative of equation (1.1) and arrive at the second-order wave equation,
which is the ordinary Klein-Gordon equation for a relativistic particle of mass m. Now we look at some bi-linear forms. The first is ρ = ψ * ψ, where the complex conjugation operator ( * ) changes the sign of each imaginary quaternion (and requires the reversal of order in multiplication of any expression upon which it operates). The second is the vector U = ψ * uψ. While ρ is real, U is purely imaginary and we can write U = iU 1 + jU 2 + kU 3 , in terms of three real three-vectors.
Making use of the wave equation (1.1), we then calculate
which is the familiar statement of a conserved current. We shall return to U 2 and U 3 shortly. (If you ask what singled out U 1 as the conserved current, it is the choice of the imaginary i sitting beside the time-derivative in the wave equation (1.1).)
Space-time Symmetries
Now we look at the behavior of the wave equation (1.1) under familiar symmetry transformations. To achieve rotation of the spatial coordinates x, we make the transformation
where θ is the axis and the angle of rotation.
For the Lorentz transformation, we start with the infinitesimal form,
where v is the direction and amount of the velocity boost. Note the appearance of the imaginary i acting on the right of ψ in this transformation. I leave it as an exercise for the reader to show that this transformation of ψ does indeed induce the familiar Lorentz transformation of the spacetime coordinates in the wave equation (1.1).
One can now readily show that the components of the conserved current (ρ and U 1 ) tansform as a Lorentz 4-vector. With a bit more work, one can also see that the other two vectors U 2 and U 3 transform as the components of an antisymmetric second rank tensor in 4-dimensions (also called a sixvector).
A useful notation for operators that may multiply quaternionic functions on the right or on the left is the following.
which allows us to write the finite Lorentz transformation operator as e (B i) . The generators of the Lorentz Group may be constructed as:
Plane Waves
One way of representing "plane-wave" solutions of the wave equation (1.1) is
where η = ±1. The set of possible momentum vectors p =pp should cover only one-half of space, to avoid overcounting if solutions. With this, one can construct the solution for the general initial value problem:
where the subscript H reminds us that the integral covers only half of momentum space.
With the expansions
where ω = √ p 2 + m 2 , we sum over η and reduce (4.2) to the following.
Here we can recognize that the results of the integrals over p (which now may be extended to cover the full momentum space) give us functions of the invariant
2 , which vanish outside the light-cone (R 2 > 0). Thus we do have relativistic causality for this quaternionic wave equation; something which we could have expected because the solutions satisfy the Klein-Gordon equation.
The Klein-Gordon equation also has the property that positive (negative) frequency solutions propagate only to positive (negative) frequency solutions. For the quaternionic equation, we have no way to talk about this distinction between positive and negative frequencies; however we do find a substitute "selection rule" for wave propagation here.
First, we note the orthogonality relation,
where I have not required that both sets of momentum variables belong to the same half-space. Next, we use this orthogonality in equation (4.2), where we represent ψ(x ′ , 0) as any superposition of plane wave solutions with exclusively η ′ = +1 (or exclusively -1). The resulting ψ(x, t) will contain only that same value for η. It is tempting to call this "helicity conservation" in the propagation of these quaternionic waves.
This interpretation is bolstered by the following observations. The operator u · ∇, acting on a plane wave solution (4.1), has eigenvalue −ηp. Furthermore, one can readily show that
Superposition
In the usual (complex) quantum theory, if we have two solutions to the Schrodinger (time-dependent) equation, ψ 1 and ψ 2 , then any linear combinmation c 1 ψ 1 + c 2 ψ 2 is also a solution, for arbitrary complex numbers c 1 and c 2 . With our quaternionic wave equation (1.1), the idea of superposition requires a slightly different wording. Note that the general plane wave solution (4.1) has an arbitrary amplitude φ positioned in the midst of certain quaternionic functions of space and time. Given any such solution, we find another solution by changing the amplitude: φ → qφq′, where q and q′ are arbitrary quaternionic numbers. Furthermore, if we have one solution of (1.1) -ψ 1 with amplitude φ 1 -and another solution -ψ 2 with amplitude φ 2 -then we also have a solution by simply adding these two: ψ 1 + ψ 2 . This version of the principle of superposition is implicit in equation (4.2).
Adding Potentials
The original wave equation (1.1) can be extended by the introduction of external potentials, as follows.
where φ, A, W are real functions of spacetime. The gauge transformation that leaves this equation invariant is:
One can show that the previously discussed symmetries still hold, with (φ, A) a Lorentz 4-vector and W a scalar. This appearance of the 4-vector potentials is (almost) exactly like the usual way of introducing electromagnetism into quantum theory; however, the explicit appearance of a gauge quantity W is something different.
The reflection symmetries of equation (6.1) are: ψ → ψ j, t, A, W change sign (T ) (6.6) ψ → ψ k, x, φ, W change sign (CP ) (6.7) ψ → ψ i, t, x, A, φ change sign (T CP ).
(6.8)
The current conservation equation (2.2) is still true for this extended wave eqation (6.1); however, equation (4.7) no longer holds.
What relevance does this amusing mathematical structure have to the world of physics?
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Appendix A: Some Other Equations
There are other quaternionic wave equations one can consider, based upon the apparent structural similarities between quaternions and relativity. The simplest is ∂ψ ∂t = u · ∇ψ (A.1) which, when squared, appears as a 4-dimensional Laplace equation, not a wave equation. Going to two-dimensions we construct
When this equation is squared, we do get a wave equation, but it is for a tachyon. If one sets m = 0 in this equation, it can be revised to appear as either two copies of the Weyl equation or the Maxwell equations (keeping only the imaginary components).
Various authors have shown that the familiar Dirac equation can be put into quaternionic form. This may be done by putting an i to the right of Ψ on one side of equation (A.2) [4] or by the use of bi-quaternions in a one-component equation [5] . All of those representations involve eight real functions -as does the usual Dirac equation -while the basic equation of the current study (1.1) involves only four real functions.
One can map quaternions onto a two-dimensional space of complex numbers. The correspondence can be expressed in terms of the familiar Pauli matrices u → −iσ; and the wave equation would work, provided that one could treat ψ and ψ * as two independent quantities in carrying out the variation. However, that is not the case for quaternionic functions, since there is a linear relation:
